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Leading order interactions

1, 71 -7

')/ N @
= =

+ other interactions depending on chiral effective field theory expansion
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Auxiliary field method

We write exponentials of the interaction using a Gaussian integral
identity

 exp [——(NTN)2] : (NTN)?

o~ 1
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We remove the interaction between nucleons and replace it with the
interactions of each nucleon with a background field.



Zij(sa ST, ﬂ-I)
det Z(s, sy, 7r)



We first consider the leading order chiral EFT interaction on the lattice in
the Grassmann path integral formalism

Z = [ DeDc* exp [—S (¢*, ¢)]

S(C*a C) — Sfree(C*7 C) + Sint (6*7 C)
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It is convenient to view ¢ without indices as a column vector and ¢
without indices as a row vector
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The first interaction we consider is the short-range interaction between
nucleons which is independent of spin and isospin

S S, 2
Stul(ct ) = e 35, [e* (7, ne)e(, ny)]

Using the auxiliary field s, we can write this interaction as

exp [—S5,(c*,¢)] = [ Ds exp [—Sss(s) — Ss(c*, ¢, s)]

where



Next we have the short-range interaction dependent on isospin

/ o —
Sf;:;(c c) = Ozt% D i1 1€ (7, ) Tre(m, nt)]2

where we are using the Pauli matrices in isospin space

o 1 o —i 10
"o 10 isospin E U 0 isospin k 0 -1 isospin

In terms of three auxiliary fields s;, we can write the interaction as

exp |: SSL(C C :| = fHI DSI exXp [_SSISI(SI) o SSI(C*vca SI)]

SSISI (SI) _ 2 Zn e, 1 ( nt)
Ss;(c*ye,81) =V =Clay 3 5 1817, e )™ (70, ne ) Tre(n, ny)



The remaining interaction is the one pion exchange potential (OPEP).
We will not include time derivatives in the free pion action, and hence the
the pion is not treated as a dynamical field. Instead it resembles an
auxiliary field that produces an exchange potential for the nucleons.

exp [—SSIFEP(C*,C)] = [1I; Dmrexp|—Snpn, (71) — Sa, (¢, ¢, m1)]
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The pion coupling to the nucleon is

S (s e,mr) =Bty 0, ko Drmr (7, ne) ™ (71, ny ) o Tre(i, ny)

where g, is the axial charge, f, is the pion decay constant, and we have
used the Pauli spin matrices

o 1 o —i 10
1711 o] 2= 0] =0 1]
spin spin Spin

And the gradient of the pion field is

A

{m(ﬁ +1,ng) — (7 — l, nt)}
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Zij(sa ST, ﬂ-I)
det Z(s, sy, 7r)
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We can re-express everything in terms of normal-ordered transfer matrix

operators

Z = fDSHI (DS[DW[)
exXp [_SSS(S> - SSISI (31} - S'/TI'/TI (WI)]Tr {M(Lt_l) T M(O)}

where

M) = exp [—H(nt)<aT,a,S,SI,7T[>Oét:| :

H(nt)(a’Ta a,s,Ssr, 7T[)Oét

with
s

Sg?t) (aJr

Hfreeat+s( t)(aJr a, s)+S( t)(aJr a, s )+S( t)(aT,a, r)

(a',a,s) = /—Ca; Y~ s(7i,ng)a’ (1) a(i)

ya,81) = —C'ay Y 5 s1(n, n¢)a’ () 1ra(m)

Sei(at,a,mp) = 2 S A (7, ng)al (7)o rral(7d)
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For the auxiliary-field Monte Carlo calculation we compute

Z(Lt) = fDS HI (DS[DWI)
= exp [~ Sss(8) — Ss;s;(81) — Sapn, (w1)]Z (8, 51,71, L)

where

Z(s,syp,mr, Ly) = det Z(s, sy, 7, Ly)

and the matrix of single nucleon amplitudes is

Zij(s,s1,mr, Le) = (fi| MEe=D .. MO )
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We store the set of vectors for each single-particle initial state at each
time step

yU§”t>> = M@= . O f,)

as well as the dual vectors at each time step propagating in the reverse
temporal direction

<v§nt)‘ _ <fz-]M(Lt—1) o M ()

These are useful in computing the update to an auxiliary field value at
time step n,, using the following relations:

Z(S,S[,Ti‘],Lt) = det Z(S,S[,W],Lt)
Z;j(s,s1,mr, Lt) = <’Uz(nt+1)’M(nt)(SaSIaWI)\’U(nt)>

J
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Hybrid Monte Carlo

We want to do efficient nonlocal updates of the auxiliary and pion fields.
Suppose we want to sample configurations according to the target
probability

Ptarget<8) X eXp[_V(S)]

Hybrid Monte Carlo does this by introducing a conjugate momentum
variable p, for each variable s and sampling according classical molecular
dynamics to the target probability

Ptarget [3,]?3] X exp {_H(Saps)}
H(5,p5) = 5 Y., [Ps(i,m0)]" + V (5)

Gottlieb, Liu, Toussaint, Renken, Sugar, Phys. Rev. D35, 2531 (1987)
Duane, Kennedy, Pendleton, Roweth, Phys. Lett. B195, 216 (1987)
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We start by selecting the initial p, configuration according to the random
Gaussian distribution

P[pg (7, nt)] o< exp {—% P37, nt)]Q}

Then we do classical molecular dynamics updates of p, and s which keep
H(s, p,) approximately fixed. We use the leapfrog method which gives p, a
half step at the beginning and half step at the end, with full steps in
between. In contrast, s gets full steps at every stage.

Initial half step for p.:

~0) / — - ste oV
PO me) = Pl my) — e [ ]
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F'ull steps for s and p,:

st (ﬁa nt) = s’ (ﬁa nt) + Sstepﬁ?g (ﬁ, nt)

AV (s)

“’i—l-l(ﬁ, nt) — ﬁzs(ﬁ, 'nt) — Estep {m

Ds

:| S:Si+1

Cut the last step for p, so it is a half step:

Nste — _ ~4iVste — Este 8‘/(8)
Ds p(nvnt) = Ds p(nvnt) + 2p [GS(ﬁ,nt) 0
S=sS

We accept the new configurations for s and p, if the uniform random
number r between 0 and 1 satisfies

r < exp [—H(SN“ep,péVStep) + H(s", py)

Then return back and repeat the steps listed above.
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