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Lattice effective field theory
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Markov chain Monte Carlo

We will be discussing several different Monte Carlo algorithms. It is
useful to review the elements and theory of Markov chains. Consider
a chain of configurations labeled by order of selection. We call this
integer-valued label the computation step.

Let us denote the probability of selecting configuration A at
computation step n as

P(A,n)

Suppose we have selected configuration A at computation step n. The
probability that we select configuration B at computation step n + 1

is denoted

W(A — B)



This transition probability is chosen to be independent of n and
independent of the history of configurations selected prior to selecting
A at computation step n. This defines a Markov chain.

We note that

P(An+1)=PA,n)+ > W(B— A)P(B,n)
BZA

— > W(A— B)P(A,n)
B#A

We now define the notion of ergodicity. Suppose we are at
configuration A at computation step, n. Let S, be the set of all
positive integers m, such that the return probability to A is nonzero

Sa={m|P(A,n+m) > 0}



If the set S, is not empty, then we say that A is positive recurrent. If
the greatest common divisor of the set of integers in S, is 1, then we
say that A is aperiodic. If all of the configurations connected by the
Markov chain are recurrent and aperiodic, then the Markov chain is
said to be ergodic. If the Markov chain is ergodic and all
configurations are connected by the graph of nonzero transitions in the
Markov chain, then there is a unique equilibrium distribution that is
reached in the limit of large number of computation steps that is
independent of the initial conditions.

lim,_ o P(C,7) — p(C)

Serfozo, ‘‘Basics of Applied Stochastic Processes”, (Berlin: Springer-Verlag) 2009



Detailed balance

We want the equilibrium probability distribution to be

ptargot (C)

One way to do this is to require

W ( A— B )pf arget (fl) =W (B — A ) Ptarget (B )

for every pair of configurations A and B. This condition is called
detailed balance.

If the Markov chain is ergodic and all configurations are connected,
then after many computation steps we reach the unique equilibrium
distribution, which satisfies the stationary condition

). W(A— B)p(A)= > W(B— A)p(B)
B#A BAA
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Comparing with the detailed balance condition, we conclude that

p(A) - ptargetv(}l)

for all configurations A.

Metropolis algorithm

One popular method for generating the desired detailed balance
condition is the Metropolis algorithm

Metropolis, Teller, Rosenbluth, J. Chem. Phys. 21 (1953) 1087

w ptarget (B) S pta‘rgot (AA)

W(A— B) = Prarget (A)
1 ptarget(B) > pta‘rget(A)
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Usually the transition probability can be divided in terms of a
proposed move probability and an acceptance probability,

W(A — B) = Wyropose (A = B)Waccept (A — B)

And quite often the proposed move probability is symmetric

Irp ropose (44 — B ) — I’[Vp ropose (B — A)

However this does not need to be the case. One can design useful
algorithms where there is some guiding involved in the proposed
moves. It is also not necessary that you use only one type of
update. If you maintain detailed balance for each type of update
process, then you also recover the target probability distribution.
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Once your Markov chain is set up properly, you can now compute
observables such as

()(JA)I)L{LI‘}_{UL(‘A)
0) = L Oruan
< > ZA ]71.:f1.1‘gt’zi-(‘4)

by computing the average

for large NV from your Markov chain. However you can also do some
reweighting and sample the Markov chain according to some other
probability distribution g,,...(A). This may be necessary if p;,,..(4) is
not positive semi-definite and so cannot be treated as a probability
distribution. In that case you can for example take

target (44) — ‘ptarget(A)‘
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With the reweighted Markov chain, you then compute averages using

Z n=1.N (’)(‘4 ™ )I)tﬂl'g(‘.t. (4"1 n )/qt,‘arget‘ (44 T )
Zn:l N Prarget (An)/qrarget (An)

(0) =
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Free scalar quantum field on the lattice

We consider a relativistic free scalar quantum field in 3 + 1 dimensions,
three spatial dimensions plus time. We work in Euclidean space where time
t is replaced by Euclidean or imaginary time z,.

The Fuclidean action for the free scalar field is

Sl6] = 5 [ d'ao(@)(-0+ M)sa)

where

0= 0.0,
v’

Rothe, Lattice Gauge Theories, Second Edition,
World Scientific Lecture Notes in Physics, Vol. 59, 1997
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We can calculate any expectation value of products of quantum fields
by computing the ratio of path (or functional) integrals

T .o 5EB[9]
(Pp(x)p(y) ) = waf( l))iiy_)s,@m

where the path integral measure is

D¢ = ][ d¢(x)
xr
We now put this system on a lattice with periodic boundary conditions

L x L x L x L; lattice
T, — N,

¢(z) = ¢(na)

¢(na + 1La) = ¢(na)
d(na + 2La) = ¢(na) d(na + 4Lia) = ¢(na)
d(na + 3La) = ¢(na)
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The Euclidean time duration, L,a, will be the inverse temperature .
On the lattice we also make the replacements

/d4x—>a4z

D(x) — | [ dé(na)

1 -

O¢(z) - —=O¢(na)

a2
where

Og(na) = > (¢(na+ fa) — 2¢(na) + ¢(na — fia))

"

To simplify the notation further we redefine the fields and mass
parameter multiplied by the lattice spacing to render it dimensionless.
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Then the expectation value of products of quantum fields can be
written as

A

. do AnAm... —SE(¢]
(G- ) = A L8000 ¢

f Hl déle_sE [(g]

where
A~ o~ 1 n A~ o~
Sgp=— Z ¢n¢n+/l + 5(8 + MQ) Z ¢n¢n
n, n
We can also write

SE - % Z anKn,qum
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where
Kn,m - - Z[&@—I—ﬂ,m + 5n—,&,m - 25n,m] + MQCSn,m
7

Using this notation, the two-field expectation value called the Euclidean
propagator is given by

A A A _l N N
by = TN d9r0udme 2 2 O
n¥m/ — A _% n’qunKn,mém

sz doe

K, ,, 18 a symmetric positive-definite matrix which only depends on the
vector difference n — m. We can compute the square root and define

We can also invert to get
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We now do a change of variables in the path integration and get

A A A _l n n
<<g & > = sz dP1PrnPme 2 2, m OnBn,mém
neml 7 _% n,mqgnKn,méEm
sz dore

7 ) -1 ~ NN
JTL A6, S0 Ky 2Bt X K G 2 20 9595

f 1 dq%e—% >, 85

It is straightforward to calculate the second moments of this simple
Gaussian distribution
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The Euclidean propagator is then

=K}
n n’ m, n’ n n’ n,m

In order to compute this inverse matrix, we first compute the Fourier
transform of

Kn,m - - Z[(Sn—ﬂl,m + 6n—,&,m — 25n,m] + M25n,m
7

and get the momentum-space function

_ ZKm—H,me_ik.l _ Z[e—ik-ﬂ + e+z’k-ﬂ . 2] + MQ
l

= Qi[l — cos(k,)] 4+ M?
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The allowed momentum modes on the lattice in our periodic box are

ki = 0,21/L, 47 /L, - 2(L — )7/ L
ko =0,2x/L,4w/L,---2(L — 1)x/L k4 =0,27/Ly, 47 /Ly, ---2(Ly — 1)/ Ly
ks = 0,21/ L, 47 /L, - 2(L — )7 /L

To convert back to coordinate space, we compute the inverse Fourier
transform

1 ~ :
K = > K (ke tnmm)
k

n,m LBLt

and we can construct the inverse matrix as

1 .
K—l _ _ ezk-(n—m)
oL zk: K (k)

22



We can check that this definition is in fact the matrix inverse

1 | 1 ~ S
K—lK = _ eZk?'(TL—l) K kj ezk: (l—m)
R > T T

1 1 - .
— K (ke
L3L4 z}; K (k) (F)

1 itk-(n—m) __
L3I, Z € o 6”77”
k

We conclude that the Euclidean propagator is

n,m

—1

31 Z 1 § eik-(n—m)
L2Ly ~ 2,11 —cos(k,)] + M?
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Exercise

Use a Markov chain Monte Carlo simulation to compute the Euclidean
propagator for a real scalar field on the lattice in 3 4+ 1 dimensions.

- [T ddidndme 5219
(Pnm) = B o

A A 1 N A A
Sp == Onbnin+5(8+M>) ) éndn
n,u n

Take the size of the periodic box to be L = L, = 10 and also set

M=1

Check that your simulation gives the same result as the expression

24



we had derived analytically

~ A ]_ ]. )
<¢n¢m> _ _ ezk-(n—m)
L3L, ; 2,11 —cos(k,)] + M?

for the cases where the separation between n and m is pointing along
the z-axis:

n—m=0,11,21,--- (L — 1)1
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